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Abstract
We consider the low-temperature differential tunneling conductance
G for interfaces between a planar insulating material in the Mott-
class and a metal. For values of the the applied potential difference
V that are not very small, there is a experimentally observed univer-
sal regime in which G ∼ V m, where m is a universal exponent. We
consider the theoretical prediction of the values of m by using the
method of Effective Field Theory (EFT ), which is appropriate for
discussing universal phenomena. We describe the Mott material by
the EFT pertaining the long-distance behavior of a spinless Hubbard-
like model with nearest neighbors interactions previously considered.
At the Mott transition, the EFT is known to be given by a double
Abelian Chern-Simons theory. The simplest realization of this theory
at the tunneling interface yields a Conformal Field Theory with cen-
tral charges (c, c¯) = (1, 1) and Jain filling fraction ν = 2/3 describing
a pair of independent counter-propagating chiral bosons (one charged
and one neutral). Tunneling from the material into the metal is, there-
fore, described by this EFT at the Mott critical point. The resulting
tunneling conductance behaves as G ∼ V (1/ν−1), yielding the predic-
tion m = 1/2, which compares well (within a 10% deviation) with the
results for this exponent in two experimental studies considered here.
1 Fellow of CONICET, Argentina.
Tunneling spectroscopy [1] is a powerful experimental tool to probe re-
sponse functions of materials, such as the differential conductance G, which
is defined as G = dI/dV , where I is the resulting tunneling current flowing
through the junction for the applied potential difference V across it. For
values of V that are smaller than a characteristic scale V0, G encodes a non-
universal behavior, but for V > V0 there is a universal regime characterized
by a relation in the form of a ’non-linear Ohm’s Law’, I ∼ V m+1, where m is
a universal exponent. This relation leads to G ∼ V m, characteristic of this
type of experiments.
In this letter, we shall focus on the universal exponent m that character-
izes the quantum tunneling between a planar insulator (e.g., doped semicon-
ductors or semiconductor oxides such as SrT iO3) near the Mott-like critical
point and a conductor, which is the situation relevant to two series of ex-
perimental results that we will address here [2] [3]. The universal regime of
(moderately) large V can be successfully described by Effective Field Theo-
ries (EFT s) [4]. One such an effective theory pertaining the class of materials
considered in the experimental studies [2] [3] was proposed in [5]. It was ob-
tained as the long-range limit of a discrete planar lattice AF model, near
the critical Mott point. The field content of this theory is given in terms
of two Chern-Simons Abelian fields. These fields give rise to a Conformal
Field Theory (CFT ) [6] at the boundary of the sample. For the experimen-
tal setups considered here, there is no external magnetic field that would
break the chiral symmetry of the CFT , as in the case of the Quantum Hall
Effect (QHE). Nevertheless, the results of [5] indicate a factorized chiral
structure on this CFT . Even beyond the critical point, the idea of a factor-
ized structure could be pursued. In the following, we shall assume that the
temperature is low enough so that its energy scale could be disregarded.
For the sake of completeness, we shall briefly review here the key aspects
of this theory [5]. We first consider the EFT pertaining a planar Mott
material in the bulk and in the tunneling boundary. We start by considering
the following Hamiltonian model on a 2D spatial lattice:
H2D = − t
2
∑
x,µ
[ ψ†(x+aeµ)e
iaµψ(x) + h.c. ] + U
∑
x,µ
ρ(x)ρ(x+aeµ) , (1)
where ψ(x) is the fermion field, x labels the lattice sites and eµ are the unit
lattice vectors pointing to the nearest neighbors of a given site, a is the
lattice spacing , t is the hopping parameter, U is the (constant) Coulomb
potential, ρ(x) is the charge density (normal-ordered with respect to the
half-filling ground state), ρ(x) = [: ψ†(x)ψ(x) : −1/2] and aµ is an Abelian
statistical gauge field defined on the links of the lattice. This model is well
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suited for describing electrons in systems with ‘narrow pocket Fermi sur-
faces’ (see, e.g., [5]), relevant for the experimental setups considered here.
In the continuum (thermodynamic) limit the above model can be mapped
onto a two-dimensional anisotropic Heisenberg (XXZ-spin model) by means
of a two-dimensional Jordan-Wigner transformation. The low-energy, long-
range EFT of this model yields an Abelian gauge theory with two bosonic
statistical Chern-Simons fields.
For the sake of clarity of the exposition, let us first consider an Abelian
Chern-Simons gauge theory, based on a single statistical field Aµ(x) defined
on (2 + 1)-dimensional space-time (x denotes now a (2 + 1)-dimensional co-
ordinate xµ, with µ = 0, 1, 2 ). Its action is given by:
SCS =
k
4π
∫
d3xǫµ,ν,λAµ∂νAλ , (2)
where k is the self-coupling constant. This a topological gauge field the-
ory, meaning that the is no bulk dynamics since its hamiltonian vanishes
identically (H = 0). Subtleties regarding the signature of space-time are
overlooked in this simple discussion (see [7]). The natural observables of this
theory are Wilson Loops, or flux tubes:
Wn[Γ ] = P exp (in
∮
Γ
Aµdx
µ) , n ∈ Z , (3)
where P denotes path-ordering and the exponents may be thought of as
statistical fluxes subtended by the Wilson loop Γ. Notice that the switching
of the sign of the coupling constant k in the action could be absorbed by a
sign flip of the gauge field, leaving the action unmodified but changing the
sign of the statistical fluxes [7].
The EFT for the model (1) slightly away from the Mott critical point is
given by the double lattice Chern-Simons action:
SDCSL =
k
4π
∫
d3x A(1)µ KµνA
(1)
ν −
k
4π
∫
d3x A(2)µ KµνA
(2)
ν , (4)
with coupling constants k > 0 and −k, and where A(1) and A(2) are two
Abelian statistical gauge fields. Here we consider the coordinates x on a
cubic lattice of spacing a, with forward difference operators dµf(x) = [f(x+
aǫµ)− f(x)]/a, forward shift operators Sµf(x) = f(x+ aǫµ), and the kernel
Kµν = Sµǫµανdα (no summation is implied over equal indices µ and ν) [10].
Notice that the fields A(1) and A(2) may be thought of as having oppo-
site orientation in the Wilson loop circulation, or, equivalently, as having
statistical fluxes of opposite sign (consider n = 1 in (3)). This theory has
2
Quantum Group Symmetry Uq
(
sˆl(2)
)
⊗ Uq
(
sˆl(2)
)
with deformation pa-
rameter q = eiπ/k. At the critical Mott point, q = −1 and k = 1 [7] [8].
In the rest of our analysis, we shall consider that we are close enough
to the Mott critical point so that the EFT may be further simplified with
action:
SEFT =
1
4π
∫
d3xǫµνλA(1)µ ∂νA
(1)
λ −
1
4π
∫
d3x ǫµνλA(2)µ ∂νA
(2)
λ , (5)
where the the continuum limit of (4) has been taken. This is a theory of
two Abelian Chern-Simons statistical gauge fields with two types of vortices,
given by the opposite spatial Wilson loop orientations (defined, e.g., with
respect to the spatial plane, but consistent definitions in Euclidean 3D space
can be achieved nonetheless [9] ). As any topological theory, it may give rise
to dynamical phenomena only at the boundaries of the spatial region. This
region could be a line or segment. For the sake of simplicity, we consider it to
be a circle of radius R (any boundary will provide a proper length scale). We
shall assume that the difference in statistical magnetic flux originated in both
fields gives rise to a pair of chiral bosonic fields with different propagating
senses along this line. That is, we consider that the difference in Wilson loop
vorticity translates into two chiralities at the boundary (further discussion
on the boundary projection of Wilson loops may be found in [9]). In this
sense, the dynamics becomes identical to that of the edge states in a sample
displaying the Quantum Hall Effect (QHE).
In the following, we consider the action (5) to be defined on a space-
time manifoldM with the topology of a cylinder made from a spatial disk,
parametrized by an angle θ and a radius R, and time t. In this geometry, the
Chern-Simons action induces a boundary field theory with dynamics given by
the choice of boundary conditions [11] , which may be identified with a CFT
[7]. The Gauss Law constraint derived from (5) imposes flat field strength
tensors F
(i)
µν = 0, where F
(i)
µν = ∂µA
(i)
ν − ∂νA(i)µ , (i = 1, 2). The ’pure gauge’
fields that solve this constraint are expressed in terms of bosonic Abelian
ones ϕ(i) such that
A(i)µ = −
1
2π
∂µϕ
(i) , (6)
where i = 1, 2. The bosonic fields can be taken as propagating boundary
fields, provided adequate boundary conditions are chosen (see, e.g, [11]).
We note that global parity is preserved in the action (5), and therefore we
take the bosonic fields as counter-propagating modes at the spatial boundary
of M. We choose, without loss of generality, ϕ(1) (ϕ(2)) to be right (left)
handed, respectively, i.e, ϕ(i)(Rθ ∓ vit), where vi are positive dimensionless
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Fermi velocity parameters, introduced by the boundary conditions. It is well-
known that the free bosonic chiral (anti-chiral) theory of ϕ(1) (ϕ(2)) defines
a c = 1 (c¯ = 1 CFT . The latter theory is usually defined on the complex
plane obtained by mapping of the cylinder onto it by z = exp(τ + iθ), where
τ = it is the Euclidean time.
In order to make the CFT explicit, we consider the Abelian (chiral and
anti-chiral) currents:
J (i) = − 1
2π
∂ϕ(i)
∂θ
=
1
2π
∞∑
n=−∞
α(i)n e
in(θ∓vit/R) , i = 1, 2 , (7)
whose Fourier modes α
(i)
n satisfy the two-component Abelian current algebra,[
α(i)n , α
(j)
m
]
= δij n δn+m,0 . (8)
The corresponding generators of the Virasoro algebra are obtained by the
familiar Sugawara construction L(i) =:
(
J (i)
)2
: /2, and read:
L
(i)
0 =
1
2
α
(i)
0 +
∞∑
n=0
α
(i)
−nα
(i)
n , L
(i)
m =
1
2
∞∑
n=−∞
α
(i)
m−nα
(i)
n i = 1, 2 .
(9)
They satisfy
[
L(i)n , L
(j)
m
]
= δij
{
(n−m)L(i)n+m +
c
12
n(n2 − 1)δn+m,0
}
, c = 1 .
(10)
The generators of conformal transformations are thus given by Ln = L
(1)
n +
L
(2)
n . The highest weight representations of the Abelian algebra (8) are la-
beled by the eigenvalues of J
(i)
0 and L
(i)
0 ; the eigenvalue of
(
J
(1)
0 + J
(2)
0
)
is proportional to the quasi-particle charge Q and 2
(
L
(1)
0 + L
(2)
0
)
is their
fractional statistics θ/π. The Hilbert space of the two-component Abelian
CFT is made of a consistent set of these representations, which is complete
with respect to the fusion rules, which are the selection rules for the com-
position of quasi-particle excitations in the theory (the so-called bootstrap
self-consistent conditions) [6]. In the Abelian theory, the fusion rules simply
require the addition of the two-component charges of the quasi-particles; as
a consequence, the allowed charge values correspond to the points of a two-
dimensional lattice. Each lattice specifies a theory: the adjacency matrix of
the lattice contains some parameters which are partially determined by the
physical conditions. These determine the quantization of charges and con-
formal dimensions. Special lattices allow for an extended symmetry [12]: the
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extension from Û(1)×Û(1) to Û(1)diagonal×ŜU(2)1 is relevant for the present
CFT , as we shall consider in a moment. The bosonic field corresponding to
the Û(1)diagonal is assumed to be compactified on a circle, which introduces
the compactification radius as a parameter that defines the unit of charge.
The Hamiltonian of the Abelian theory which assigns a linear spectrum to
the edge excitations can be written in terms of the currents (7) as follows:
HR =
π
R2
∫ 2πR
0
dx :
(
v1J
(1)J (1) − v2J (2)J (2)
)
:=
1
R
[
v1L
(1)
0 − v2L(2)0 −
1
12
]
.
(11)
We emphasize here, however, that the spectrum that is relevant for discussing
the Hilbert space of the CFT is that of the charge and Virasoro operators
rather than that of the edge Hamiltonian.
The coupling of the Abelian CFT to the physical electric field should
be addressed when considering tunneling experiments. In terms of the in-
dividual currents (7), the electric current should be taken as the symmetric
combination of both, given that the labels i = 1, 2 are arbitrary. We therefore
introduce the current and Virasoro generators in the basis that factorizes the
theory into charged and neutral sectors [15]:
J = J (1) + J (2) , J0√
2s−1 −→ Q = 2ℓ2s−1 ;
J3 = 1
2
(
J (1) − J (2)) , J30 −→ n ;
L = L(1) + L(2) = LQ + LS , L0 −→ ℓ22s−1 + n2 ;
LQ = 1
4
: (J)2 : , LS = : (J3)
2
: .
(12)
We have introduced the charge scale parameter 1/
√
2s− 1 which is given by
the compactification radius of the charged bosonic field. The corresponding
spectrum of (12) may be determined from the bosonic Fock space struc-
ture and was found to be quantized according to [12][15]: s = 2, 4, . . . , and
that it splits in two cases: (I): l ∈ Z, n ∈ Z, and (II): l ∈ Z + 1/2,
n ∈ Z + 1/2. The spectrum yields the values of charge Q and fractional
statistics 2h = θ/π of the quasi-particle excitations (h is the conformal di-
mension, i.e., the eigenvalue of L0 and θ the quantum statistical phase). The
discretization of the parameters in (12) is the consequence of imposing upon
the spectrum the condition of the existence of excitations with the quan-
tum numbers of physical electrons, i.e., Q = 1, 2, . . . and 2h = 1, 3, . . . . A
posteriori, this spectrum is identified with that of the Jain states [13], for
opposite moving chiral bosons [12] and filling fractions ν = 2/(2s− 1), with
s = 2, 4, . . . . Each value in the spectrum (12) is the highest weight of a pair
of representations of the Abelian current algebra, which describe an infinite
tower of edge excitations, generated by the bosonic Fock-space operators α
(i)
n ,
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n < 0, i = 1, 2 [6], corresponding to Fermionic particle-hole transitions, or to
their anyonic generalizations.
The neutral sector of the spectrum displays an extended symmetry ŜU(2)1,
which is apparent in this basis. We observe that there are two highest weights
with dimension one, i.e. n = ±1, which correspond to the additional cur-
rents:
J± = : exp
(
±i
√
2ϕ
)
: , ϕ =
1
2
(
ϕ(1) − ϕ(2)) . (13)
The two fields J±, together with J3 in (12), form the ŜU(2)1 current algebra
of level k = 1; their Fourier modes satisfy:
[
Jan , J
b
m
]
= iǫabcJcn+m +
k
2
δabδn+m,0 , k = 1, a, b, c = 1, 2, 3,[
LSn , J
a
m
]
= −m Jan+m ; (14)
note that the operators Jan commute with the generators of the charged sector(
LQn , Jm
)
. As is well known, there are two highest-weight representations of
the ŜU(2)1 algebra, which are labeled by the isospin σ = α/2, with α = 0, 1.
The Jain spectrum of the theory defined by (12) and (11) can now be
written in this basis that makes apparent the decomposition into Û(1) and
ŜU(2)1 sectors [15] , so that both cases (I) and (II) may be displayed to-
gether:
ν =
2
2s− 1 , Q =
2l − α
2s− 1 ,
L0 =
(2l − α)2
4(2s− 1) −
α(2− α)
4
+ r , r ∈ Z . (15)
Here l ∈ Z. We verify that, for α = 1 and l = s we obtain Q = 1 and
2h = s− 1 + 2r, which are the correct quantum numbers for electrons.
We now turn our attention to the tunneling between the Mott material
and a metal. The characteristics of the tunneling current I versus the applied
voltage V have been studied in the context of Luttinger models, which are
Abelian CFT s, in [16] [17]. For the sake of completeness, we provide here
an independent derivation of the simplest of their results based on a scaling
argument [4] (we thank Andrea Cappelli for suggesting this to us).
The tunneling of a CFT may be described in standard fashion (see [14])
at low temperatures: in the experiments it is assumed that the thermal
energy is much smaller than any other relevant energy scale. We consider
the real coupling of a localized tunneling interaction to the effective CFT
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action describing the Mott material as in [17] and [14]:
ST = g
∫
Ψ†Ψδ(x)dxdt, (16)
where Ψ(t, x) is the free fermion field describing the electrons. Without loss
of generality, we assume the tunneling to be localized on the 1D boundary
at x = 0.
Only physical electrons tunnel between the material described by the
CFT and the metal, so that Ψ has electric charge Q = 1 and conformal
dimension h = p/2, where p is an odd integer. We first consider the case
of the Laughlin states, with filling fraction ν = 1/p, in which all the quasi-
particles in the spectrum are electrically charged. Therefore, the scaling
dimension of the coupling constant g is (1 − p). To first perturbative order
in g, this yields I ∼ gV p because both V and I have scaling dimension 1 (I
is the time derivative of the charge, or, equivalently, electrical resistance is
dimensionless). Therefore, we conclude that dI/dV ∼ V (p−1) . The result
for the conductance, is, therefore:
G = dI/dV ∼ V (1/ν−1) , (17)
which predicts m = (1/ν − 1) and that was obtained in [16] [17] using al-
ternative methods. Following [14], we generalize this result to other CFT s
describing interacting electrons such that ν may take more general values.
Those are theories in which the quasi-particle excitations may have one elec-
trically charged and neutral modes. Nevertheless, there is always an excita-
tion with the quantum numbers of the electron among those, which is the
only one that may tunnel into the metal. In these more general scenarios,
the tunneling interaction is always irrelevant in the sense of the Renormaliza-
tion Group [4] since (minus) the scaling dimension of the coupling constant
g satisfies (1/ν − 1) > 0, which holds for any values of ν < 1, i.e., all the
ones considered here. It is, however, useful to note that the interaction is
increasingly irrelevant as ν takes smaller values.
We now consider the CFT describing the insulator and its relation to the
tunneling experiments. As discussed before, the (c, c¯) = (1, 1) CFT has sym-
metry Û(1)× ŜU(2)1, and ν = 2/(2p− 1), p = 2, 4, . . . . The lowest possible
values are ν = 2/3, 2/7, . . . . As noted before, all of these values yield irrele-
vant interactions, but ν = 2/3 is the least irrelevant among them, becoming
therefore the favored value. A similar discussion applies to the Fermi inter-
action for the Beta-decay [4]. For this filling fraction, the tunneling exponent
yields m = (1/ν− 1) = 1/2, and this is therefore the prediction of our EFT .
This value compares well with the relevant experimental data of [2] [3]. In
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the latter, we consider the experiments done for Sm only, which are the only
ones that fit in our assumptions for the EFT , i.e., AF order, insulator. In
the former, it is reported that m ≈ 0.43− 0.47, whereas in the second it was
found that m ≈ 0.44. The deviation from the theoretical prediction values
of 0.5 is of the order of 10%. The magnitude of it is compatible with the
corresponding deviation in the quasi-particle tunneling experiments in the
QHE quoted by Gattli [14], (2.7− 2.65 vs 3 ).
We therefore conclude that the low-lying EFT for the Mott materials
in the tunneling experiments considered here yields a consistent (2 + 1)-
dimensional structure composed of two Chern-Simons fields. For each Chern-
Simons theory, the excitations are described by two classes of Wilson loops
(vortices): charged and neutral modes, of opposite circulation. We speculate
that in the low temperature phase, these vortices array themselves into an
ordered (AF ) lattice [5].
It is worthwhile to mention that the EFT [5] is only the simplest that
may be proposed to describe the Mott-class materials. Actually, it simply
generalizes to a topological (2+1)-dimensional theory the underlying SU(2)
symmetry of the original fermionic model. The EFT contains the minimal
number of degrees of freedom at large distance scales consistent with the
original symmetry of the small distance degrees of freedom. By considering
microscopic lattice fermion models with additional degrees of freedom as a
starting point, it is natural to expected that further EFT s with enlarged
symmetries and field content may be obtained.
We would like to conclude with some remarks. The assumption of pla-
narity is not fundamental, since the EFT is a Chern-Simons topological field
theory that may be defined in 3D Euclidean space and quantized choosing
any time surface [7] [9]. The EFT is the precise field theory describing the
universality class of the fermionic model (1) at the critical point, including in
particular all the states in the Hilbert space and may be, therefore, regarded
as a good starting point for further studies along the lines discussed here. We
stress that the relation between the EFT and specific models or characteris-
tics relevant to specific materials pertains only their universal, long-distances
emerging universal data [4]. We also remark that the prediction of the uni-
versal tunneling exponent m was obtained by a scaling argument, which is a
first-order result in Renormalization Group perturbation theory. By the same
reason, the zero-width form-factor for the tunneling barrier assumed in (16)
does not modify the first-order prediction of m, since finite barrier widths
would modify (16) by higher order corrections in the transferred momentum,
and the EFT considers the limit of vanishing momenta.
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